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Abstract
We discuss the role of gravitational corrections to the running of the electric charge through
the evaluation of scattering amplitudes of charged particles in massless scalar electrodynamics.
Computing the complete divergent part of the S-matrix amplitude for two distinct scattering
processes, we show that quantum gravitational corrections do not alter the running behavior of
the electric charge. Our result does not exclude the possibility that the presence of a second
dimensional constant in the model (a cosmological constant or the presence of massive particles)
could alter this behavior, as was proposed in earlier works.
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I. INTRODUCTION
The theory of gravitational field quantized for small fluctuations around a flat metric is
nonrenormalizable [1–3], i.e., an infinite number of free parameters is required to absorb all
kinds of new UV divergences which are generated, as the order of perturbative calculations is
increased. On the other hand, quantum effects due to gravitation at low energy, much below
the Planck scale MP ≈ 1.4× 1019 GeV/c2 (a natural energy scale of the quantum theory of
gravitation), can be calculated by incorporating its effects into the spirit of an effective field
theory [4]. From this point of view, Robinson and Wilczek [5] proposed that quantum gravity
corrections make gauge theories asymptotically free (i.e., the gauge coupling constant goes
to zero in the limit of very high energy scales), even though the gauge coupling does not
exhibit this property in the absence of gravity [as in quantum electrodynamics (QED)]. The
origin of this effect would be the arising of quadratic UV divergences, associated to the one
graviton exchange graph, that could be absorbed in a gauge coupling constant redefinition.
After Robinson and Wilczek’s paper, some authors have argued that this effect should
be gauge dependent [6] and ambiguous [7]– and therefore without physical meaning. Con-
sidering the QED coupled to gravity and using the Vilkovisky-DeWitt method, which is a
gauge-invariant and gauge-condition-independent way of computing effective action, it was
reinforced that the quadratic divergences, due to the gravitational corrections, turn the elec-
tric charge asymptotically free [8, 9]. Later in [10], it was shown, for the Einstein-Maxwell
system, that the Vilkovisky-DeWitt method guarantees only the gauge invariance of finite
and logarithmic divergent parts of the effective action; quadratic divergences would break
the Ward identities.
It has also been argued in [11] that asymptotic freedom in gauge theories could also
happen in the presence of a cosmological constant, through logarithmic divergences, made
possible by the presence of a second dimensionful parameter (Λ), besides MP . In addition,
in nongauge theories, the Yukawa and φ4 interactions were shown to share the same property
of asymptotic freedom [12], due to gravitational corrections, in the presence of mass for the
scalar and fermionic particles, an effect that vanishes when the masses are withdrawn.
On the other hand, the physical significance of the definition of the running coupling
constants, as inferred from the effective action, was questioned by Anber et. al. [13] and
Donoghue [14]; as argued by them, only a scattering matrix computation should give a real
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physical definition for the running of the coupling constants. Through the computation of
scattering amplitudes in the presence of quantum gravity, they have shown that attempts
to define a running Yukawa coupling would be process dependent; i.e., what appears as
asymptotic freedom behavior in one process would appear in another as an increase of the
strength of the coupling constant [13]. So, what appears to be asymptotic freedom is in
fact a process dependent result and not a universal behavior that can be summarized in a
definition of the physical coupling constant.
In view of these controversial results, in a tentative attempt to shed some light on this
problem, we study in the present paper the scalar QED involving two different massless pions
that are coupled to gravity. We evaluate the gravitational contribution to the running of the
electric charge and the φ4 self interaction coupling constant, through a direct computation
of scattering amplitudes. This is done for two different processes, involving the two charged
pions. We show that quantum gravitational corrections do not contribute to the running of
the electric charge and the φ4 coupling.
In summary, our conclusions agree with that of the authors of Refs. [13] and [14] which,
through a proper definition of the physical electric charge and the φ4 coupling constant,
indicate that their running is not altered by quantum gravitational corrections (up to the
order of one gravition exchange), as originally suggested in [5].
The article is organized as follows: in Sec.II we present the model, a massless scalar
electrodynamics with two different massless scalar particles (pions) coupled to the Einstein
gravity, expand it around a flat metric and compute its propagators. In Sec.III, using
dimensional regularization (DR) and minimal subtraction [15], we evaluate the divergent
part of the scattering amplitudes (pi+a + pi
+
b → pi+a + pi+b ) and (pi+a + pi−a → pi+b + pi−b ). By
using renormalization by minimal subtraction [15], we show that quantum gravitational
corrections only renormalize higher order operators and have no effect on the running of
the electric charge and the φ4 coupling constant. As is already known, DR automatically
renormalizes quadratic UV divergences. Anyway, as discussed in [13], quadratic divergences
that would appear in other regularization schemes, do not have any role in the running of
the coupling constants.
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II. SCALAR QED COUPLED TO GRAVITY
The effective model for charged pions in electromagnetic interaction (scalar QED) coupled
to the Einstein gravity is given by the following action
S =
∫
d4x
√−g
{ 2
κ2
R− 1
4
gµαgνβFαβFµν + g
µν (∂µ + ieAµ)φj (∂ν − ieAν)φ∗j
−λ
2
(φ∗jφj)
2 + LHO + LGF + LCT
}
, (1)
where κ2 = 32piG = 32pi/M2P , with MP being the Planck mass and G the Newtonian
gravitational constant, e the electric charge of the pions and λ a self-interaction constant
(already present in the scalar electrodynamics, in the absence of gravitation). LHO is the
Lagrangian of higher derivatives monomials, necessary to compensate higher order infinities
induced by the nonrenormalizable gravitational interactions [4], LGF is the gauge fixing
plus Faddeev-Popov ghost Lagrangian (for the graviton and the photon) and LCT is the
Lagrangian of counterterms. We work in the context of renormalized perturbation theory,
so all coupling constants are the physical ones.
The reason for considering two flavors of pions (φa and φb, i.e., j = a, b) is to simplify
the calculations. By studying the scattering of nonidentical particles, the scattering ampli-
tudes get reduced to only one reaction channel, which reduces the (high) number of graphs
involved.
We will consider small fluctuations around the flat metric, i.e.,
gµν = ηµν + κhµν , (2)
gµν = ηµν − κhµν + κ2hµαhαν +O(κ3), (3)
√−g = 1 + 1
2
κh− 1
4
κ2hαβP
αβµνhµν +O(κ3), (4)
where ηµν = (+,−,−,−), Pαβµν = 1
2
(ηαµηβν + ηανηβµ − ηαβηµν) and h = ηµνhµν . For more
details in obtaining the expanded Lagrangian, see, for instance [16] .
Employing the harmonic gauge-fixing function, Gµ = ∂
νhµν − 1
2
∂µh, by adding to the
Lagrangian the term ξhG
2/2 plus the corresponding Faddeev-Popov ghost term, the graviton
propagator can be cast as
〈T hαβ(p)hµν(−p)〉 = Dαβµν(p) = i
p2
[
Pαβµν + (ξh − 1)Q
αβµν(p)
p2
]
, (5)
where Qαβµν(p) = (ηαµpβpν + ηανpβpµ + ηβµpαpν + ηβνpαpµ).
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The propagators for the other fields are also obtained by the usual Faddeev-Popov
method, resulting in
〈T Aµ(p)Aν(−p)〉 = ∆µν(p) = − i
p2
[
ηµν + (1− ξγ)p
µpν
p2
]
, (6)
〈T φ∗i (p)φj(−p)〉 = ∆ij(p) =
i
p2
δij. (7)
As we will restrict to calculations of processes with only external pion legs, at one loop order
and at most with the exchange of one graviton, we will not need the ghost propagators.
We will consider two scattering processes: the first is (pi+a +pi
+
b → pi+a +pi+b ), that contains
the exchange of photons only in the t-channel and the second is (pi+a +pi
−
a → pi+b +pi−b ) which
contains photon propagators only in the s-channel. These choices will allow a comparison
with the results obtained in [13].
The Lagrangian for the higher order monomials LHO induced by quantum corrections
consists of all possible monomials in the fields and their derivatives respecting the original
symmetries of the model. The terms that are important in our analysis, i.e., which will be
necessary to absorb the divergences appearing in the two reactions studied are
LHO = ie1Aν
[
∂µφj∂µ∂νφ
∗
j − ∂µ∂νφj∂µφ∗j
]
+ λ1∂
µ(φaφ
∗
a)∂µ(φbφ
∗
b)
+λ2(φa∂
µφ∗a − ∂µφaφ∗a)(φb∂µφ∗b − ∂µφbφ∗b) + (· · · ), (8)
where (· · · ) stands for omitted higher order monomials, which are not important to our
analysis.
III. SCATTERING AMPLITUDES AND THE RUNNING OF THE COUPLING
CONSTANTS
First, let us consider the process pi+a + pi
+
b → pi+a + pi+b . The tree level amplitude, Fig. 1,
including the contributions of the counterterms and of the higher order monomials, is given
by
M1 tree = −(λ+ δλ) + (e2 + 2eδe)S − U
T
+
κ2 + 2κδκ
4
US
T
+(e e1 + λ2 + eδe1 + δλ2)(S − U) + (λ1 + δλ1) T, (9)
where δe, δλ, δκ, δe1 , δλ1 and δλ2 are the counterterms and the Mandelstam variables S =
(p1 + p2)
2, T = (p1 − p3)2 and U = (p1 − p4)2 are functions of the external incoming (p1,
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p2) and outgoing (p3, p4) momenta respectively, satisfying the relation S + T + U = 0 for
the massless pions on shell.
The one-loop correction to this process, Fig. 2, is given by
M1 lc = − e
4
2pi2
S − U
T
+
3λ2 + 3e4 − λe2
4pi2
− e
2κ2
8pi2
US
T
−κ
2(λ− 2e2)
32pi2
T − 13e
2κ2
96pi2
(S − U) + finite terms (10)
where  = 4 − D, with D being the dimension of space-time, in DR. To evaluate the
amplitudes we used a set of Mathematica c© packages [17–19].
The total amplitude M1 is given by the sum of the tree and the one-loop contributions,
Eqs. (9) and (10). By eliminating one of the Mandelstam variables (say U) in terms of the
others two and imposing that the coefficient of any monomial (in S and T) is finite we get
the renormalized amplitude, for the pions on the mass shell, for any values of the kinematical
variables S and T. In the minimal subtraction scheme [15] the counterterms are given by
δe =
e3
4pi2
,
δλ =
3λ2 + 3e4 − λe2
4pi2
,
δκ =
κe2
4pi2
, (11)
δλ1 =
κ2(λ− 2e2)
32pi2
,
eδe1 + δλ2 =
13e2κ2
96pi2
.
The renormalized amplitude results in:
M1 =−λ+ e2S − U
T
+
κ2
4
US
T
+ (e e1 + λ2)(S − U)
+λ1 T + finite terms. (12)
From the above expressions for the counterterms, we can obtain the corresponding beta
functions of the dimensionless couplings e and λ. Since e0 = µ
Zee = µ
(e + δe) and
λ0 = µ
Zλλ = µ
(λ + δλ), where µ is the mass scale introduced in the DR procedure, their
beta functions up to one-loop order are given by
β(e) =
e3
4pi2
; (13)
β(λ, e) =
3λ2 + 3e4 − λe2
4pi2
. (14)
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What can be learned from this scattering amplitude is that quantum gravitational cor-
rections only renormalize higher order operators, such as those in LHO, Eq.(8). In addition,
the electric charge and the the coupling constant λ do not receive any gravitational correc-
tion and their beta functions are the same as in the absence of gravitation. Some results
obtained by means of the method of effective action [11, 20], or scattering amplitudes [21],
suggest that this situation might change if we consider massive particles, or the presence of
a positive cosmological constant.
Instead of (pi+a + pi
+
b → pi+a + pi+b ), we could have used the (pi+a + pi−a → pi+b + pi−b ) process
to obtain the same conclusions. By an explicit calculation, the tree level and the one-loop
contributions to the scattering amplitude (pi+a + pi
−
a → pi+b + pi−b ) can be cast as
M2 = −(λ+ δλ) + (e2 + 2eδe)U − T
S
+
κ2 + 2κδκ
4
UT
S
+(ee1 + λ2 + eδe1 + δλ2)(U − T ) + (λ1 + δλ1) S
− e
4
2pi2
U − T
S
+
3λ2 + 3e4 − λe2
4pi2
− e
2κ2
8pi2
UT
S
−κ
2(λ− 2e2)
32pi2
S − 13e
2κ2
96pi2
(U − T ) + finite terms. (15)
From this expression, we obtain the same equations (11) for the counterterms, leading to
the same conclusions about the running of the coupling constants. This is expected, because
this amplitude can be gotten from the first one by the crossing symmetry: p1+p2 → p1−p3,
p1 − p3 → p1 − p4 and p1 − p4 → p1 + p2, which implies: S → T , T → U and U → S.
IV. FINAL REMARKS
In summary, we have studied the quantum gravitational corrections to the renormaliza-
tion of coupling constants, of the massless Scalar Quantum Electrodynamics, through the
evaluation of the scattering matrix for charged pions in the context of effective field theory.
To do this, we have evaluated the UV divergent parts of the one-loop corrections to the
S-matrix, up to order O(κ2), using dimensional regularization and the minimal subtraction
scheme of renormalization. We have shown that quantum gravitational corrections do not
contribute to the running of the electric charge and the quartic self-coupling of the scalar
fields. As is well known, dimensional regularization automatically renormalizes quadratic
divergences. Quadratic divergences appear in some other regularization schemes, as for ex-
ample, UV cutoff. But, as well clarified in [13], quadratic divergences, after renormalization,
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leave no trace in the renormalized (physical) coupling constants and so, the same conclusions
as in DR regularization, must be expected. These results, do not preclude the possibility of
change of the behavior of the coupling constants through logarithm divergences, when an-
other dimensionful parameter is present in the theory. This could be so, because logarithms
of a dimensionless parameter could be constructed from the two dimensionful parameters.
The question about whether gravitational corrections should alter the running of the
gauge (and φ4 interaction) constants, in the presence of others dimensionful parameters in
the Lagrangian, remains open. As found by the computation of the effective action, logarith-
mic divergences induced by gravitational corrections can contribute to the beta function of
the gauge couplings, when a cosmological constant [11] or massive particles [20] are included.
The evaluation of scattering processes, should help to elucidate this problem. Another rele-
vant question, no less controversial, is on the running of the gravitational coupling constant
κ, which has been studied in [22–24] in the context of asymptotic safety. The study of
scattering processes of gravitons should also make an important contribution toward the
clarification of these controversies.
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Figure 1. Feynman diagrams for the pions scattering amplitude (pi+a + pi
+
b → pi+a + pi+b ) at tree
level. Dashed, wavy and continuous lines represent the scalar, photon and graviton propagators,
respectively.
Figure 2. Topologies from (pi+a + pi
+
b → pi+a + pi+b ) scattering amplitude at one-loop order. After to
consider the vertices, we have more than 100 Feynman diagrams to this reaction up to O(κ2).
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